
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 15, No. 5, September-October 1992

Robust Flight Control Systems: A Parameter Space Design
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This paper deals with the longitudinal dynamics stabilization, around a trim condition, of an aircraft with
unsatisfactory longitudinal stability characteristics. This problem is a single-input control problem because only
elevator and canards deflections are used as control inputs, and they are simultaneously driven by the same
control signal. To this aim, a new linear parameterization of all compensators stabilizing a given single-input
plant is proposed, along with a design method based on a computationally tractable procedure for the robust
stability analysis of polynomials with at finely dependent coefficient perturbations. Since scale factor sensor
changes are perturbations entering affinely the characteristic polynomials coefficients of the closed-loop system,
a controller will be synthesized in order to guarantee that the closed-loop poles lie in a specified domain of the
complex plane prescribed by MIL specifications, and to achieve robustness against scale factor sensor failures.
An application of the proposed procedure to the F4-E military aircraft is presented.

Nomenclature
an = normal acceleration, g
CD = drag coefficient
CL = lift coefficient
Cm = pitch moment coefficient
c = reference chord, m
g = acceleration of gravity, m/s2

h = altitude, m
7V = pitching moment of inertia, Kg m2

m - mass of airplane, Kg
na — normal acceleration sensitivity with respect to angle

of attack, g/rad
ns = normal acceleration sensitivity with respect to

coupled elevator-canard deflection, g/rad
fy" - ^-dimensional polynomial space
q - pitch rate, rad/s
q = dynamic pressure, N/m2

R" = n-dimensional Euclidean space
S = reference area, m2

T = thrust, N
V = airspeed, m/s
IMl£ = weighted L norm of the vector x, i.e., \\x\\™ =

max, Wj\Xi\i Wj > 0
a — angle of attack, rad
/3 = sideslip angle, rad
8C = canard deflection, rad
5com = input deflection command, rad
8e = elevator deflection, rad
# = pitch attitude with respect to Earth, rad
p = air density, Kg/m3

tp = roll attitude with respect to Earth, rad
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Introduction

T HE increased demand on aircraft performances asks for
the use of more sophisticated control systems: e.g., air-

craft with negative centering, trade reduced static stability for
higher maneuvering capacities, and higher efficiency (reduc-
tion in fuel consumption). Because the aircraft is open-loop
unstable, a stability augmentation system (SAS) is vital for
its stabilization. Moreover, mere stability is not enough, and
the added SAS must be designed to meet handling quality
requirements.

By using linearized models of longitudinal- and lateral-
directional closed-loop dynamics, with reference to a specified
flight condition and to fixed values of aerodynamic, propul-
sive, inertial, structural, and controller parameters, the han-
dling qualities are expressed in terms of desired pole location
with an assigned tolerance in the complex plane (MIL-F-8785).

Since the values of these parameters are uncertain and the
aircraft is highly vulnerable to incidents like failures of com-
ponents (actuators, sensors, and flight computers), the SAS
must be designed to achieve, for every flight condition within
the flight envelope, robustness to off-nominal flight conditions
and parameter uncertainties, and to provide fault tolerance
against failures of components.

To meet these requirements for the closed-loop system,
generally a hierarchical concept is used in the SAS design.
The basic level consists of a controller (static or dynamic
compensator) that, for a given flight condition, assigns closed-
loop poles in specified regions of the complex plane according
to handling quality specifications. The controller can be de-
signed to meet robustness criteria with respect to off-nominal
flight conditions, parameter uncertainties, and some kinds of
sensor/actuator failures like changes in sensor scale factor and
actuator gains. All of the more sophisticated tasks like failure
detection and redundancy management, plant parameter
identification, and controller scheduling are assigned to higher
levels. For the active methods of fault tolerance one can refer
to Refs. 1-4.

This paper deals with the longitudinal stability augmenta-
tion problem of an aircraft with inherent unsatisfactory lon-
gitudinal stability characteristics. As far as longitudinal dy-
namic stabilization around a trim condition is concerned, only
elevator and canard deflections are used as control inputs (the
engine thrust setting is supposed to be fixed). Moreover, since
the elevator and canard deflections are simultaneously driven
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by the same control signal, then the stabilization of the lon-
gitudinal dynamics is a single-input control problem.

To this aim, we propose a new parameterization of all com-
pensators stabilizing a given single-input, multi-output plant,
and a design method based on a computationally tractable
robust stability test in plant parameter space with respect to
assigned domain of the complex plane.5 6

A first characterization of all compensators stabilizing a
given plant was introduced by Youla et al.7 in 1976. Recently,
in Ref. 8, the set of stabilizing compensators of assigned max-
imum order has been introduced for single-input, single-out-
put plants. The design technique proposed in Ref. 8 allows
the designer to assign closed-loop poles in specified domains
of the complex plane and to meet other design specifications
by using a specified number of degrees of freedom.

Moreover, in the very recent past, the automatic control
literature has grown rich with new methodologies for the ro-
bust control system design both in the case of unstructured
and structured plant parameter perturbations. For the former
case, an exhaustive list of references can be found in Ref. 9.
For the latter case, see Refs. 10 and 11. Recently, in Ref. 6,
a new computationally tractable procedure for robust stability
analysis of polynomials with linearly dependent coefficient
perturbations has been proposed.

In this paper, we extend the result in Ref. 8 to single-input,
multi-output plants, and by using the results in Refs. 5 and
6, we design a controller that assures handling quality spec-
ifications with assigned flight conditions inside the flight en-
velope; the resulting extra degress of freedom will be utilized
in order to achieve robustness against scale factor sensor
failures.

The paper is organized as follows. First, we introduce a
new linear parameterization of all compensators stabilizing a
given single-input plant. Second, we propose a design pro-
cedure in order to achieve robustness against multiplicative
uncertainties. Finally, we present an application of the pro-
posed technique to the longitudinal stabilization of the F4-E
aircraft; the controller is designed in order to achieve ro-
bustness against scale factor sensor failures. Appendices A
and B contain the proofs of the theorems enunciated in the
first section.

All Stabilizing Compensators for Single-Input Plants
To introduce the control system design technique, some

notations are necessary, and new results on all stabilizing
compensators for single-input, multi-output systems are
reported.

Consider the feedback system in Fig. 1 where p(s) and c(s)
are given by

bjs)

C(5) =

b(s)

x(s)

(1)

(2)

p(s)

c(s)

The transfer function of the feedback system in Fig. 1 is given
by

_
y(s)a(s) + xT(s)b(s) d(s) (3)

In order to characterize the set of all stabilizing compensators,
the general solution in terms of y(s) and x(s) of the generalized
diophantine equation

d(s) = y(s)a(s) + xT(s)b(s) (4)

must be provided. To do this, we introduce some preliminary
notations.

The polynomials a(s) and y(s] can be expressed as

a(s) := al + a2s +

y(s) := v, + y2s

an+ls" = vj^(s}a (5)

v+lsv - vl(s)y (6)

where

• sm) (7)

where a and y are the coefficient vectors of a(s) and
respectively.

Now the product a(s)y(s) can be expressed as follows:

a(s)y(s) = vZ+v(s)Sv+l(a)y (8)

where Sv+l(a) is the (n + v 4- 1) x (y + 1) Toeplitz matrix
with first column (a1\ 0^)r, i.e..

0 0

0 0

(9)

Similarly, the polynomial vectors b(s) and x(s) can be ex-
pressed as

br(s)}

= b\ + Ks

X(S) =

x2s xv+ls1'

(10)

(11)

where the meaning of the r-dimensional vectors bf, i = 1,
. . . , n + 1, and jcy, j = 1, . . . , v + 1 is obvious.

Now the product bT(s)x(s) can be written as follows:

where

bT(s)x(s) = vl+t.(s)Sv+l(B)x

B =
Fig. 1 Feedback system.

(12)

(13)
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and Sv+l(B) is the (n + v + 1) x (v + l)r generalized
Toeplitz matrix whose first r columns are (BT 0^X>)T, i.e.,

B

0,, <>(„-,

0,xr

(14)

By using these notations, we can write the generalized dio-
phantine equation (4) in the following alternative form:

[Sv+l(a)Sv+l(B)] y\ = = d (15)

Now we formulate the following new theorem, whose proof
is given in Appendix A.

Theorem 1. If an + l =£ 0, a(s) and b(s) are coprime, and v
^ *>0 - 1, where v0 is the observability index of a state re-
alization of b(s)/a(s), then

rank S = n + v + 1 (16)

Theorem 1 allows us to solve the generalized diophantine
equation (4) in terms of the compensator cv(s) of assigned
order v. Let 3) denote a set, not necessarily connected, in the
complex plane. Then the set >c€ of all stabilizing compensators
cv(s) of order v > v{} - 1, which ensures that the poles of the
feedback system lie in the specified region 2), is given by

B2z)
A2zY

(17)

Where R"D
+v+l denotes the set of vectors d e Rn+v+l such

that the zeros of the associated polynomial d(s) are in the
region 2), and z E R(*>+'Vr-" js the vector of completely free
parameters.

The matrices A!, Bl,A2,B2 are easily computed as follows.
Denote with / the set of indexes of the first n + v + 1 linearly
independent columns of the matrix S, and with T the following
matrix:

T = J (18)

where et is the (v + l)(r + 1) vector with 1 in yth position
and 0 elsewhere, and col{ey) denotes the matrix whose columns
are the vectors e-}, j E J. Moreover, denote with Tthe matrix

f = (1, . . . , (v + l)(r + 1)} - J (19)

Then by virtue of Theorem 1, the matrices A1 9 #1? A2, /?2 are
given by

= -T(ST) 1ST + T

(20)

(21)

The steps leading to Eqs. (20) and (21) are detailed in Ap-
pendix B.

Robustness Against Plant Parameter Perturbations
The objective of this section is to design a compensator

such that the closed-loop poles remain in a specified set Q) in
the complex plane when the parameters vary in some set.

Consider an uncertain plant, i.e., a(s) and b(s) depend on

some parameters &, and assume that the coefficients of a(s)
and b(s) depend affinely on k.

With reference to Fig. 1, the closed-loop characteristic
polynomial can be written as

dv(s, z, k) = a(s, k)y(s, z) + XT(S, z)b(s, k) (22)

where

cv(s, z) = (23)

has been designed to assure a prescribed closed-loop pole
location when the parameters assume their nominal values.

Denote with 3f{ the parameter space, with k the vector of
nominal parameters, and with 3{D the Q)-stability region in the
3£ space with a given compensator cv(s, z ) ,

A neighborhood , p) of £ can be defined by

p) = { k \ \\k -k\\»< p}

(24)

(25)

Now the goal of this section can be stated as follows: select
a compensator in_ the set ^ that allows us to enlarge the
neighborhood $£(£, p) to the maximum extent with the con-
straint that the j)oles of the closed-loop system belong to 9)
for any k E 3€(£, p).

This can be accomplished by solving the following problems.
Problem A:

subject to

p(z, A:) - sup p
\\k - Hi- < (26)

Problem B:

=F max

The crucial point in solving problem A is to test condition
(26), whereas the solution of problem B depends on the choice
of the weighting vector w. Note that an optimum vector w
cannot be selected a priori, but some attempts are necessary
to choose_the best w that allows us to enlarge the neighbor-
hood %C(fc, p) to the maximum extent. As the closed-loop
characteristic polynomial coefficients depend affinely on k,
the image in the coefficient space of the neighborhood (25)
is a polytope with m vertices at the most, where m is the
number of vertices of the neighborhood (25). By denoting
with

d,(z) = m (27)

the vertices of such a polytope, where A:, is the /th vertex of
the hyper-rectangle ||A: — k\\™ < p, condition (26) can be re-
written as

A, 2> 0, A, = (28)

Note that the number of vertices of the polytope in the coef-
ficient space is generally less than m, but to simplify com-
putations, we may assume the vectors i/,.(z) to be the image
of the vertices k,.

This condition can be tested by using an efficient stability
test proposed in Ref. 6, which is based on the following
Theorem.

Theorem 2. Let a family of polynomials d(s, z) be the convex
combination of m assigned monic polynomials df(s, z ) , i = 1,
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. . . , m. Consider a region 2), not necessarily connected, in
the complex plane, denote with dQ) the boundary of Q), and
suppose that at least one polynomial of the family is 9) stable.
Then all of the roots of the family d(s, z) are inside 3) if and
only if the following conditions hold

then

a) dtf, z) * 0, MS

b) sup |</>0(d,(s,z)) - 0fl
s <E a£c

), Vi, y = 2 , . . . , /

(29)

(30)

where <t>0(x), & [~^, ^), denotes the main argument of
*e-'*. n

The proof of Theorem 2 can be found in Ref . 6.
Since the nominal closed-loop polynomial belongs to the

Q)-stability region, then the test Eqs. (29) and (30) and an
univariate minimization algorithm, such as bisection or golden
section search, can be easily used to solve problem A.

As concerns problem B, note that, since nothing is known
about the convexity of the function pv(z, £), there is no guar-
antee that a global maximum will be found. A common pro-
cedure in such cases is to choose several initial guesses, at-
tempt to find local optimum, and to then select the best workable
answer.

The solution of problem B gives a vector 1 and a compen-
sator cv(s, z), which allows the closed-loop system to tolerate
the largest parameter variation according to the selected norm
and region Q).

By using this procedure, it is possible to give an estimate
of the real Q)-j>tability region in the 3( plane^ To this end,
denote by 2C°(*) the largest neighborhood of k:

, p) = {* I ||* - k\\i < p (31)

It is easy to show that by varying £ it is possible to build a
sequence of sets that converges to 3£D; each set is made by
unions of neighborhoods 3€°(**):

U

(32)

lim (33)

Obviously, from a practical point of view, it is impossible to
obtain the exact region via Eq. (33), but generally a good
estimate of 3£D suffices. Moreover when lim k = 2 the neigh-
borhood (25) is a rectangle and the solution can be easily
represented pictorially. In the next section, we will show how,
by a suitable selection of the point **, it is possible to achieve
an adequate estimate of 3£D with few rectangles.

As concerns the compensator order, it is possible to show
that, by increasing v, a larger, or at least not smaller, 9>-
stability region 3£D can be obtained. In fact, since the proposed
parametrization is complete, it is always possible to obtain
any compensator of order v by pole-zero cancellation on a
compensator of order v + 1. Hence, with a compensator of
order^ + !,_ by solving problem B, we at least obtain
P°.,(*) = P(l(k\.

Keeping this in mind, we can start the random-search pro-
cedure _to solve problem B for a ^-order compensator from a
vector z such that

cv(s, z) = (34)

By considering that TT T = I and TT T = 0, it is easy to show
that the vector z is given by

z = TT (35)

where -y_is the farther_ pole of the closed-loop system,
i.e., dv(s, *) = d,,_i(s, k)(s + y), x ( v ~ l ) is the vector of
the (v — l)-order compensator numerator coefficients, and
S(x(v-l)) is the r(v + 1) x 2 matrix

(36)

Fig. 2 F4-E with canards.

In the following section, this procedure will be used to deter-
mine the sensor redundancy degree to achieve fault tolerance.

Case Study
Model

We refer to the F4-E aircraft as in the work of Acker-
mann.12'13 The F4-E is a military aircraft that is destabilized
by horizontal canards (Fig. 2). The aircraft is unstable in
subsonic flight and unsufficiently damped in supersonic flight,
then adequate handling qualities must be provided by the
control system.

In the following, we briefly outline the decoupled longi-
tudinal equations of the motion of an aircraft. Most aircraft
dynamics texts (e.g., Refs. 14 and 15), give more detailed
versions of the derivation of these equations.

In the polar coordinate velocity form, the nonlinear equa-
tions of the longitudinal motion of the rigid aircraft, sym-
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metrical with respect to X-Z plane (Fig. 2) and flying at small
sideslip and roll angles, can be written as follows

qS

= - — CD + g sin(c* -

T sin a
(37)

— cos a (38)m

Aircraft
longitudinal

Dynamics

Fig. 3 Open-loop system.

qly = qScCm

tf = q

(39)

(40)

where q = pV2/2 is the dynamic pressure, and the air density
p can be expressed as p = p(h).

Assuming that the normal acceleration an and pitch rate q
are available measurements by using one accelerometer and
one gyro, respectively, the output equations can be written as

a» \ _ I ̂ (Qcos a
4,

CDsin a)/mg - cos (41)

As far as longitudinal dynamics control devices are concerned,
it is supposed that, in each flight condition within the airplane
flight envelope, only elevator and canard deflections are used
to control the longitudinal dynamics around the steady con-
dition. This means that in the meantime the engine thrust
setting is supposed to be fixed.

Moreover, the elevator and canard are not used independ-
ently in stationary flight, i.e., the commanded deflections are
coupled: 8C = Kc8e (Fig. 3), where the factor Kc is chosen for
each flight condition in order to achieve minimum drag com-
bination of canard and elevator deflections. Thus, the lon-
gitudinal dynamics stabilization is a single-input problem.

In Fig. 3, the open-loop system, including a first-order low-
pass actuator dynamics with time constant r, is represented.

For each trim flight condition within the flight envelope of
the airplane, the model obtained by linearizing the nonlinear
equations (37-41), for small perturbations about trim con-
dition, including actuator dynamics and elevator-canard de-
flections coupling, can be written as

dr

0
0
0
0

II r

(42)

sin •&
0 (43)

where M(0, X ( . } , Z(0 are the longitudinal dimensional stability
and control derivatives, and A/6, Xs, Z3 are the sum of the
corresponding derivative with respect to 8C and Kc times
the corresponding derivative with respect to 8C.

Stability Augmentation System Design
Generally, high-performance requirements in terms of bet-

ter efficiency (reduction in fuel consumption) and maneu-
verability impose intrinsic instability on the aircraft. Then, an

Table 1 Limits for ( and M,,

Short period Phugoid

0.35-1.3 3.5-12.6 >0.04

SAS is required for its stabilization. Moreover, airworthiness
rules [MIL-F-8785 (ASG), 1969] require that the aircraft is
safely controllable by the pilot without any exceptional pil-
oting skill. These requirements deal with the dynamic aircraft
behavior and are referred to in literature as handling qualities.

With reference to the assigned flight condition, the handling
qualities are expressed in terms of admissible ranges of var-
iation for damping coefficients (£min, £max) and natural fre-
quencies (<wmin, wmax) of the rigid-body modes associated with
the linearized model (42) and (43) (short period and phugoid
modes). Then the SAS design problem can be formulated as
follows. Design a control system that has the following prop-
erties:

1) It assures that the closed-loop poles lie in the prescribed
region of the complex plane; for instance, for category A flight
phase, with steady-state normal acceleration sensitivity with
respect to angle of attack nn = 50 g/rad, corresponding to
the flight condition h = 5000 ft, Mach = 0.85 for the F4-E
military aircraft, the limits imposed by MIL specs are reported
in Table 1.

2) It provides some kind of fault tolerance against incidents
like sensor failures.

3) It improves robustness with respect to off-nominal flight
conditions and plant uncertainty parameters.

Suppose that the linearized model of longitudinal dynamics
for an assigned flight condition is available. Then in order to
meet requirements 1 and 2, a compensator of suitable order
v can be designed by means of Eq. (17) so that all of the
closed-loop poles lie in the region 2) of the complex plane
prescribed by the MIL specs (Q) stability), and there are a
suitable number of degrees of freedom in order to ensure
robustness against sensor scale factor changes. Indeed, the
procedure illustrated earlier can be applied to achieve ro-
bustness against all perturbations entering affinely the coef-
ficients of the closed-loop characteristic polynomial. As con-
cerns requirement 3, off-nominal f l ight conditions and
uncertainities on stability derivatives are perturbations en-
tering nonlinearly, then a different design method must be
adopted. A first approximate design procedure can be found
in Refs. 16 and 17.

Robustness Against Scale Factor Sensor Failures
Now we refer to the sensor scale factor failure problem,

which can be viewed as a robust stability problem of a linear
dynamical system with structured linear_perturbations.

According to previous terminology, It denotes the vector
of nominal sensor gains, k = (K(ln,K(l)T. Then Eq. (22)
becomes

d,(s, z, k) = a(s)y(s, z) + XT(S, z) diag{K,(H, Ktl\b(s) (44)

Now, a failure of the accelerometer or of the gyro is equivalent
to a reduction of the respective gain, Ktln or Ktr from the
nominal values to zero.
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We say that cir(s, z) achieves robustness against a failure of
the accelerometer (gyro) if the projection of k on the axis
Kan = 0 (Kq = 0) is contained in 3{D, where 9) is selected
according to MIL specs (Fig. 4).

Analogously, we say that cv(s, z) has a 100//t% gain re-
duction margin in Kan (Kq) if the projection of k on the line
Kun = ~KJn (Kq = ~Kqln) is contained in 3{D.

Note that robustness against scale factor sensor changes can
be achieved by a compensator with 100//t% gain reduction
margin by using an rc-redundant sensor system (the parallel
of n sensors each with nominal gain equals to the full nominal
gain divided by n).

To compare the results obtained with the proposed pro-
cedure with that in Refs. 12 and 13, the same simplified third-
order model, including the short-period longitudinal mode
and actuator dynamics in sensor coordinates is considered.

Indeed, it can be shown18 that the forward velocity V has
only a negligible influence on the short-period mode of the
aircraft. Furthermore, the relation between pitch angle and
pitch rate is purely a kinematical one. Therefore, we can
simplify the state vector Eqs. (42) and (43) describing only
the short-period mode of the aircraft dynamics

d_
dt 5,

za
= \Mn Mq M

0 - 1/r

na 0 n,
0 1 0

(45)

(46)

Based on the output equation (46), a linear transformation
on the state equation (45) leads the following state equation
in sensor coordinates.

d^
dt

Za

= \MJna
0

-n8Za aZ8 - ns/T
Ma

1/T

0
II r I

(47)

With reference to the subsonic cruise flight condition (Mach =
0.85, h = 5000 ft), the aerodynamic data are listed in Table 2.

The MIL specs for the short period mode in the specified
flight condition are

3.50 < to/lsp < 12.6, 0.35 < £sp < 1.3 (48)

The poles added by the actuator and the compensator must
belong to a region characterized by

12.6 < a)H < 70, > 0.35 (49)

the upper cofl constraint is chosen in order to maintain a band-
width limitation below the first structural mode frequency.

Table 2 Aerodynamic data for
the F4-Ea

-1.702 (1/s)
11.163 (1/s2)
-1.418 (1/s)
0.481 (1/s)

-36.269 (1/s2)
50.72 (g/rad)

- 19.433 (g/rad)
-0.7

1/14 (s)

-'Much = 0.85; altitude = 5000 ft.

Fig. 4 9)-stability region in the complex plane.

0.28657 _,

-1.4703

-2.3487

-.14055

Kan

-.599S7C-01 0.20640E-01

Fig. 5 So-stability region in sensor gain plane, v = 0.
Kq/Kqmm

0.775S3

0.32659

0.31103 0.48327 0.6SSS2 0.82776

Fig. 6 ^-stability region in sensor gain plane, v — 1.

Figure 4 shows the region £0 in the complex plane correspond-
ing to these requirements.

In Fig. 5, the stability region in the sensor gain space, in
the case v — 0 (static compensator), is reported. The picture
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0.71451

0.42903

0.14354

0.3S9SS 0.57304 0.78652

Kan/KimoM

Fig. 7 9) -stability region in sensor gain plane, v = 2.

0.15210 0.36408 0.57605 0.78802 1.00000

Fig. 8 ^-stability region in sensor gain plane, v = 2 (relaxed specs).

has been obtained by drawing about 300 rectangles and then
painting the interior of the region to easily visualize its bound-
ary. The stability region coincides with that in Ref. 12.

In Fig. 6, the case v = I is illustrated. In this case, one
degree of freedom is available in order to solve optimization
problem B. The value z = — 1.2 has been selected. The axes
have been normalized. As one can see, the system is tolerant
to an independent reduction of 50% in sensor gains. Then a
two-redundant sensor system is sufficient to achieve fault tol-
erance. The picture has been done with a small number of
rectangles, as we are not interested in the exact region, but
an estimate suffices. The most interesting points are those
close to the axes, and so the strategy adopted has been to
move the center k* of the neighborhoods toward the axes.

In Fig. 7, the case v = 2 is illustrated. In this case, three
degrees of freedom are available. The vector z, which assures
the best local maximum in problem B, is

This value has been obtained by starting the optimization
procedure from the value z such that c}(s, z) = c^(s, z), where
z is given by Eq. (35). Figure 7 shows that the second-order
compensator, in addition to the fault tolerance properties of
the first-order compensator, allows the sensor gain Kq to re-
duce to zero if KUn assumes the value 0.32.

If relaxed specs can be temporarily assumed (0.14 < £sp <
1.3), then the high-level control system can select the specified
value of Kan = 0.32. This case is illustrated in Fig. 8.

Simulation results showing the transient behavior following
a sudden scale factor change are reported in Figs. 9-11. We
suppose that a disturbance gw acts on the normal acceleration
and in the meantime a sudden reduction of the accelerometer
and gyro scale factors happens at t = 4 s. In Fig. 9, the case
v = 2 and a 50% reduction of both sensors is reported. In
Figs. 10 and 11, the cases of 100% reduction in Kq, v = 0
and v = 2, respectively, are reported.

0.04

0.02

0

-0.02

-0.04

-0.06

-0.08

-0.1

-0.12

-0.14
1 2 3 4 5 6 7 8 9 1 0

t [s]

9 Transient response with 50% of sensor gains, v = 2.

1 2 3 4 5 6 7 8 9 1 0

t [s]

Fig. 10 Transient response, Kq = 0, v = 0.
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Fig. 11 Transient response, Kq — 0, v = 2.
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Remark. The result obtained in this application is due to
the fact that the plant has no zeros in the right half-plane, as
can be easily verified. The procedure presented here does not
show anything about the maximum improvement in robust-
ness achievable, it just tries to enlarge the region in the pa-
rameter space at each step. It is well known that if a plant
has right half-plane zeros it is intrinsically restricted in achiev-
able robustness. Then, in this case, by increasing the com-
pensator order, no further improvement will be obtained.

Remark (Al). Since the dynamical matrix and the output
matrix for the observed variables of the state realization of
b(s)/a(s) in controllability form are, as can be easily verified,
A'T and B'T, respectively, then, by duality, Eq. (A9) holds
for each v > v(} — 1, where i/0 is the observability index of
the state realization of b(s)/a(s). D

Proof of Theorem 1. By means of the elementary trans-
formations (A5), we obtain the matrix

Conclusions
In this paper, a new linear parameterization of all sta-

bilizing compensators for single-input, multi-output systems
has been proposed. Such a parametrization allows the de-
signer to assign closed-loop poles in specific domains of the
complex plane and to meet other design specifications by using
a specified number of degrees of freedom. By using a com-
putationally tractable procedure for the robust stability anal-
ysis of polynomial with linearly dependent coefficient per-
turbations, a design method has been proposed that allows
the closed-loop system to achieve robustness against scale
factor sensor failures. A case study has been carried out with
reference to the F4-E military aircraft, and simulation results
showing the transient behavior following a sudden scale factor
change have also been reported.

Appendix A
The proof of Theorem 1 uses the following results.
Lemma 7. If

a(s) = vl(s)a = vj_i(s)a + an + lsn (Al)

bT(s) = v^(s)B = vj_ !($)!! + bZ+ls" (A2)

are coprime polynomials, then

a'(s) = vl(s)a' = v%_i(s)d' + s" (A3)

b'T(s) = vr
n(s)B' = vl_i(s)B' (A4)

where

a' = a/an + l , B'= B - a'b^+l (A5)

are coprime polynomials.
Proof. If s is such that a(s) = 0, by hypothesis b(s) ± 0,

then it follows that

a'(s) = 0, b'(s) = b(s) * 0 (A6)
D

Lemma 2. If

(A7)a'(s) = vj,_ i(s)dr + s"

are coprime polynomials, then

rank (B' A'B' • - - A'"B') = w, Vi/ > vr - 1 (A9)

Where vr is the reachability index of the pair (A', B') and

<F I
A' = -a (A10)

denotes the right vertical companion matrix defined by the
vector a'. a

Proof. It is well known that, if a'(s) and b'(s) are coprime,
then the pair (A', B') is reachable. D

a\ 0
a; a.

• 0 B' Or - - - Or

- 0 Or B'

0 0
Note that

where

1 0^ 0^ B'

(B' A'B' • - -A'*') = (B^frv • - -

B(()) = B'

(All)

(A12)

bT(i

Or

, r( /- i)
- bT(i (A13)

By means of the elementary transformation (A 13) on the
columns of S v + l ( B f ) , we obtain the matrix

B' A'B' A'l'B'

0 1 - • •

^ 0 0

It is easy to verify that

an

1

(A14)

?') = n + v + 1 (A15)

then, taking into account Remark Al, the proof is complete.
D

Appendix B
_ To obtain Eqs. (20) and (21), note that by definition T and
T satisfy the following identity

TTT + TTT = I

Then Eq. (15) can be rewritten as

S\J\ = S(TTT + TTT){y\ =

(Bl)

(B2)
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It is clear that the matrix T stands for the selection matrix of
the first n + v + 1 linearly independent columns of the matrix
S, then ST is a nonsingular matrix and Eq. (B2) becomes

TT(y =x - (ST)-lSTTT(y
v ' \x

By defining

(B3)v '

(B4)

multiplying on the left side of Eq. (B3) by T and making use
of identity (Bl) we obtain

y
xj = T(ST)-*d (-T(ST)~1ST + T)z (B5)
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